On the thermodynamics of elastic materials  by Gurtin, Morton E
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 18, 38-44 (1967) 
On the Thermodynamics of Elastic Materials 
MORTON E. GURTIN 
Brown University, Providence, Rhode Island 
Submitted by R. J. Dujk 
1. INTRODUCTION 
In a previous paper [l] I have shown that in the absence of couple stresses 
and multipolar effects the Clausius-Duhem inequality requires that every 
elastic material be simple; i.e., that the stress, free-energy and entropy at a 
material point depend at most on the deformation gradient and temperature 
at the same point. It is the purpose here to show that this theorem can be 
established in a more direct and economical manner provided local behavior 
is assumed from the outset. 
In the interest of brevity I shall leave out all motivational and subsidiary 
discussions and refer the reader to my original paper for a complete discussion 
of the issue considered here.l 
2. LOCAL STATES. LOCAL PROCESSES. ELASTIC MATERIALS 
We let 9 denote the real line (- co, co), 9?+ the positive reals (0, co), 
and W3 three-dimensional euclidean space. We designate by Y+ the set 
of all (second-order) tensors with positive determinant. Given two tensors 
A and B we let A * B denote their inner product: A . B = AijBij in Cartesian 
components. We will consistently write “iff” in place of “if and only if.” 
We suppose we are given a material point X E g3 and an integer N 2 1. 
A local state at X is defined to be an ordered array 
where: 
Jr = {x, 6 s, *, 7, rZ 
(1) x is a CN mapping of a neighborhood of X into g3 with Vx(X) E B+ 
and is called a local deformation of X. 
1 For a discussion of the basic concepts of continuum thermodynamics see Truesdell 
and Toupin [2], Coleman and No11 [3], Coleman and Mizel [4], Coleman [S], Truesdell 
and No11 [6], Truesdell [7], and Gurtin and Williams [B]. 
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(2) 0 is a CN mapping of a neighborhood of X into 92 with e(X) E W+ 
and is called a local temperature$eld at X. 
(3) S is a tensor, the Piola-Kirchoff stress tensor2 at X. 
(4) # is a scalar, the free-energy3 at X. 
(5) 7 is a scalar, the internal entropy at X. 
(6) y is a scalar, the entropy jIux4 at X. 
For convenience we let ~2 denote the set 
.Q = {(x, 0) I (11, (2) hold). 
We call two pairs (x, 0) and (x’, 0’) equivalent, and write 
(x, 4 - (x’, 4, 
iff x(Y) = x’(Y) and 0(Y) = B’(Y) for all Y in a neighborhood of X. Simi- 
larly we call two states Z and Z’ equivalent, and write 
ZI- ‘r, 
iff 
(x, 0) - (x’, 0 s = S’, 9 = f, rl = T’ and y = y’. 
A mapping t + (xt , 0,) from 9Z into 9 is called regular iff the mappings 
t --+ Vnxt(X) and t -+ Vat?,(X) are Cl for 71 = 0, l,..., N. 
A mapping 
whose domain is 92 and whose values are local states at X is called a local 
process for X iff t --t (xt, 0,) is regular. The parameter t is called the time. 
A local process for X is said to be smooth iff the function t + $(t) is Cl. 
A local constitutive class %’ for X is defined to be a collection of local pro- 
cesses for X. We call V the local constitutive class of an elastic material at X 
iff there exist four functionals S, w, N and r, whose domain is 9, such that: 
(7) 5%’ is the set of all local processes which satisfy the constitutive epua- 
tions 
s(t) = S(X, , 4, 
w) = *(xt, et), 
T(t) = N(xt 9 et), 
y(t) = b ,4); 
* In terms of the Cauchy stress tensor T, S = (l/p)(F’)-IT, where p is the mass 
density and F = Vx(X). 
3 In terms of the internal energy e, the internal entropy 7, and the temperature 8, 
$!I = e - 87). 
4 In terms of the heat-flux vector q and the temperature gradient g, y = (l/p@) q * g. 
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(8) every local process in %’ is smooth; and 
(9)5 if J denotes any one of the functionals S, w,, N, or r, then 
J(x, 0) = J(x’, 0’) whenever (x, 0) - (x’, q. 
The processes in V are called elastic processes. A state Z which is the value 
at some time t of an elastic process is called an elastic state. Clearly each regular 
mapping t --+ (xt, 0,) generates, through the above constitutive equations, 
an elastic process. 
We now define certain special elastic materials. We say that V describes a 
simple elastic material iff there exist functions s, $ and +j on Z+ x W+ such 
that 
S(X, 0) = ~VXW), e(x)), 
+YX, 0) = $(VX(W, e(x)), 
Vx, 0) = W’xW), fw), 
for each (x, 0) E ~2. More generally we say that V describes an elastic material 
of grade M, M < N, iff there exist functions 3, $ and ij such that 
S(X, 0) = OX, VX~),..., VMXPO e(x), vm,..., vf+wx)), 
Q(X, 6) = &X(X), VX~,..., VMXW), e(x), ww,..., VMw), 
N(X, 6) = ii(x(xh VX~,..., VEX, e(x), ww,..., vf+w)). 
Notice that in the above two definitions no restriction is placed on the entropy 
flux functional r. Trivially a simple elastic material is a material of grade 1, 
but the converse is not necessarily true. As our main result we shall prove that 
as a consequence of the Clausius-Duhem inequality every elastic material 
(and hence every elastic material of grade 1M) is simple. 
3. THE MAIN THEOREM 
We shall say that a local constitutive class %? for X is compatible with 
thermodynamics iff each smooth local process t + ~7~ in V obeys the Clausius- 
Duhem inequality : 
$(t> + ?l(t)&) - w - m + Y(t) e 0 
whereB(t) = O,(X) andF(t) = Vx$(X). 
for all 4 
5 No11 [9, Section 121. Truesdell and No11 [6, Section 261 call this postulate the 
principle of local action. 
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THEOREM. Let %? be the local constitutive class of an elastic material at X. 
Then V is compatible with thermodynamics $f the following three conditions 
hold : 
(i) V describes a simple elastic material. 
(ii) If 3, $ and 4 are the response functions of this simple material, then t) 
is differentiable and determines 3 and ij through 
for mery (F, 8) E Y+ X 92”. 
(iii) The entropy-flux in each elastic state is non-negative. 
As a trivial consequence of this theorem we have the following 
COROLLARY. Every elastic material of grade M is simple. 
4. PROOF OF THE MAIN THEOREM 
That (i), (ii), and (iii) imply compatibility with thermodynamics is well- 
known6 and can be verified by direct substitution. 
To prove the converse assertion we assume that % is compatible with 
thermodynamics. We proceed in a series of lemmas. 
(10) Every elastic process t -+ Zt obeys 
i(t) + T)(t)&t) - s(t) * P(t) = 0 and y(t) G 0 for all t. 
PROOF. Choose OL, t, E 92 arbitrarily and let /l(t) = a(t - to) + t, for all t. 
Then given any elastic process t -+ Z, it follows that the mapping 
t -+ .ztf = z&t) is a smooth local process and has the property that 
Go = Go 7 
$Yto) = 4w Iqt,) = aI+,), &to) = a&). 
Moreover (7) implies that t + Z,’ is an elastic process. Thus applying the 
Clausius-Duhem inequality to this process at t, we conclude that 
ah&> + 77kJQk1) - Wd * WI + Y&J G 0. 
This completes the proof of (10) since a and t, are arbitrary. q.e.d. 
g See, for example, Coleman and No11 [3], Truesdell and No11 [6, Section 961, 
Truesdell [7, Section 31. 
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Clearly (10) implies condition (iii) of the theorem. We now establish (i) 
and (ii). 
We say that a local process t - 2, connects two local states Zi and ,Za ifi 
there exist two times t, and t, such that 
(11) If Zr and Za are elastic states with 
VXl(X) = vxm, 4(X) = 4(X), 
then there exists an elastic process t + Zc, connecting Z1 and Za such that 
P(t) = V&(X) = 0, B(t) = e,(x) = 0 for all t. 
PROOF. Choose t, < t, and let 
XtW) = Xl(Y) + f+ [x2(Y) - XdJm 2 
w) = fw) + s [w) - 4(y)i, 2 1 
for all Y in a sufficiently small neighborhood of X and all t. Then 
vxm = VXl(X) and e,(X) = B,(X) for all t which implies &ct) = 0, 
b(t) = 0, det F(t) > 0 and 8(t) > 0 for all t. Clearly t + (x6 , 0,) is regular. 
Let t -+ Z, be the corresponding elastic process. Then, since 
(xt, , q - (xl ,e,) and (xt, , et2) - (x8 ,e,), 
(9) implies Ztl N Zi and Z, 2 - .Za . 
(12) If Z1 and Za are elastic states, then 
q.e.d. 
VXlW = ww * & = & 
e,(x) = ux) I 
PROOF. Applying (10) to the elastic process t + Zt of (11) connecting 
Z1 and Za we conclude that r&t) = 0 f or all t and hence that $(ta) = #(ta). 
But since this process connects Z1 and Za , #(ti) = (CIi and (Cl(&) = #s; thus 
41 = $2 * q.e.d. 
(13) There exists a function 1,8 on Z’+ x W+ such that for each (x, 0) E 9 
W(X, 6) = IFv, ah 
where F = Vx(X), 8 = e(X). 
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PROOF. Given any pair (F, 6) E L?+ x W+ we let 9(F, 8) denote the 
equivalence class of all (x, 8) E 9 such that Vx(X) = F and 6(X) = 6. Then 
(12) implies that 9(x, ~9) has the same value on every (x, 0) E 58(F, 6). We 
simply define $(F, 9) = W/(x, O), (x, 0) E G(F, 8). q.e.d. 
(14) Given any elastic state Z, any time t, , any tensor A and any scalar a, 
there exists an elastic process t --+ Z,’ such that 
and for all t in a neighborhood I(&) of t, 
Vxt’(W = Vx(X) + (t - to) A, e,,(x) = e(x) + (t - to) a. 
PROOF. Since det Vx(X) > 0 and e(X) > 0 there exists an E > 0 such that 
det [Vx(X) f EA] > 0 and e(X) f 60~ > 0. Clearly we can construct a 
function f on W into W and a neighborhood I( to) of t,, such that f (t) = t - t, for 
all t E I(t,) and 1 f(t) 1 < E for all t E W. Then the mapping t + (xt’, 0,‘) 
defined by 
xt’(Y) = x(Y) +f(t> A[Y - Xl, b’(Y) = e(y) + f (t) a> 
for all Y in a neighborhood of X is regular and generates an elastic process 
t + Z,’ which has, by (9), all the desired properties. q.e.d. 
(15) There exist functions 3 and +j on L?+ x W+ such that for each 
(Xl 4 E 9 
S(x, 0) = g(F, 8) = Y&&F, a), 
N(x, ‘4 = 7j(F, 8) = - $$(F, a), 
where F = Vx(X) and 8 = 0(X). 
PROOF. We choose (x, 0) E .FB arbitrarily and let 2 be the corresponding 
elastic process. Then applying (10) at t = t, to the process t + ZIt’ defined 
in (14) we find, with the aid of (13), 
where A and 01 are arbitrary and F = Vx(X), 6 = 6(X). Taking A = 0 and 
OL = 1 trivially implies the second of (15). On the other hand a! = 0 yields 
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Since A is arbitrary, this implies 
S(x, 0) = g&F, iq, 
which is equivalent to the first of (15). q.e.d. This completes the proof of the 
theorem. 
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